Summary. We consider a scalar conservation law modeling the settling of particles in an ideal clarifier-thickener unit. The conservation law has a nonconvex flux which is spatially dependent on two discontinuous parameters. We suggest to use a Kružkov-type notion of entropy solution for this conservation law and prove uniqueness (L 1 stability) of the entropy solution in the BV t class (functions W (x, t) with ∂ t W being a finite measure). The existence of a BV t entropy solution is established by proving convergence of a simple upwind finite difference scheme (of the Engquist-Osher type). A few numerical examples are also presented.
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Introduction

Scope of the paper
One-dimensional models for continuously operated idealized clarifier-thickener units have received considerable interest recently in both the mathematical [1, 14, 15] and engineering literature [11, 12] . Clarifier-thickeners are widely used in the mineral processing, chemical and pulp-and-paper industries as well as in wastewater treatment plants. Mathematical models are urgently needed for the design, simulation and control of these units. However, for many purposes details of the multidimensional flow field within these vessels are unimportant, so that simplified spatially one-dimensional models are preferred. These models provide an important example of nonlinear scalar conservation laws with spatially discontinuous flux functions. Other applications, which lead to very similar mathematical models and therefore provide potential applications of the results presented herein, include traffic flow with abruptly changing road conditions [30] and multiphase flow in porous media with changing permeabilities [20] . Important advances in the analysis and solution of clarifier-thickener models have been made by Diehl in a long series of papers including [14] [15] [16] [17] [18] , in which local-in-time existence and uniqueness results for problems with piecewise constant initial data are obtained [14] [15] [16] . Moreover, stationary solutions are completely classified [16] . In practice, these stationary solutions correspond to the desired normal states of continuous operation [18] . Numerical simulations using a Godunovtype scheme are presented in [15] [16] [17] .
Although the clarifier-thickener model had been studied intensively in recent years, the existence of weak solutions to such clarifier-thickener models with general initial data was proved only recently in [4] by establishing convergence of a constructive (numerical) algorithm known as front tracking. While [4] establishes the existence of a weak solution of the clarifierthickener problem, and also gives a proof of convergence for a numerical method, a well-posed entropy solution framework for such equations (in which a unique stable solution exists) has been lacking so far. The main difficulty is, of course, to appropriately include the discontinuities of the flux function into an entropy condition that ensures uniqueness of the weak solution. It is the purpose of this paper to establish well-posedness of the clarifier-thickener problem. First, we propose to use a suitable Kružkov-type notion of entropy solution for this problem and prove uniqueness (L 1 stability) of the entropy solution in the BV t class (functions W (x, t) with ∂ t W being a finite measure). Secondly, existence of a BV t entropy solution is established by proving convergence of a simple upwind finite difference scheme (of the Engquist-Osher type). The advantage of the difference scheme over the front tracking method [4] is that the former is simpler to implement
